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Laplacians and Schrödinger operators

Consider Laplacian (unperturbed/free Schrödinger operator)

H0 = −∆ : L2(R3)→ L2(R3), dom H0 = H2(R3).

Well known:

H0 selfadjoint in L2(R3) and σ(H0) = σc(H0) = σess(H0) = [0,∞)

Next consider Schrödinger operator

H = −∆ + V : L2(R3)→ L2(R3), dom H = H2(R3),

where V ∈ L2(R3) real potential.

Theorem

H is selfadjoint in L2(R3), semibounded from below, and

σ(H) ∩ (−∞,0) discrete, σc(H) = σess(H) = [0,∞)

extends to L2(Rn) if V ∈ Ls(Rn) for s ≥ max {n/2,2}
More assumptions on V ⇒ more/better properties of σ(H)
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The classical Birman-Schwinger principle (1961)

For λ0 < 0 solve the eigenvalue problem

Hf = λ0f , H = −∆ + V .

(−∆+V )f = λ0f ⇔ Vf = −(−∆−λ0)f ⇔ (−∆−λ0)−1Vf = −f

⇔ V 1/2(−∆− λ0)−1V 1/2V 1/2f = −V 1/2f

⇔ V 1/2(−∆− λ0)−1V 1/2g = −g, g := V 1/2f .

more precise: V 1/2(−∆− λ0)−1|V |1/2g = −g, V 1/2 = sgn V |V |1/2

Birman-Schwinger principle

λ0 ∈ σp(H) ⇔ −1 ∈ σp(Tλ0), Tλ0 = V 1/2(−∆−λ0)−1|V |1/2

dim ker (H − λ0) = dim ker (Tλ0 + 1) and more...
λ0 6∈ σ(H) ⇔ −1 6∈ σ(Tλ0)

Konno Kuroda’66, Gestzesy Latushkin Mitrea Zinchenko’05
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Applications of the Birman-Schwinger principle

Tλ = V 1/2(−∆− λ)−1|V |1/2 integral operator, kernel known

Theorem [Abramov, Aslanyan, Davies 2001]

H = − d2

dx2 + V with V ∈ L1(R) ∩ L2(R) complex:

λ0 ∈ C \ [0,∞) eigenvalue of H ⇒ |λ0| ≤
1
4
‖V‖2L1

Theorem [Frank 2011]

H = −∆ + V with V ∈ Lγ+3/2(R3) complex, 0 < γ ≤ 1/2:

λ0 ∈ C\[0,∞) eigenvalue of H ⇒ |λ0|γ ≤ Dγ

∫
R3
|V (x)|γ+3/2dx

Theorem [B., Schmitz, Trunk 2018], [Cuenin, Ibrogimov 2021]

H = sgn (− d2

dx2 + V ) with V ∈ L1(R) real:λ0 eigenvalue of H

|λ0| ≤ ‖V‖2L1 ,
√

2|λ0| ≤
√
|λ0|+ |Reλ0|‖V‖L1
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An abstract Birman-Schwinger principle

Assumptions

H0 closed operator in H with ρ(H0) 6= ∅

, consider

H = H0 + V ∗2 V1, V1,V2 : H → K (may be unbounded),

V1 closed, dom H0 ⊂ dom V ∗2 V1, ran V2 = K, dom V2 = H.

Theorem [Konno, Kuroda ’66]
Let H = H0 + V ∗2 V1 and λ0 ∈ ρ(H0).

(i) If λ0 ∈ σp(H) and f0 eigenfunction then

−1 ∈ σp(V1(H0 − λ0)−1V ∗2 ) and V1f0 eigenfunction.

(ii) If −1 ∈ σp(V1(H0 − λ0)−1V ∗2 ) and ϕ0 eigenfunction then

λ0 ∈ σp(H) and f0 = (H0 − λ0)−1V ∗2ϕ0 eigenfunction.
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Proof of (i)

Claim: If λ0 ∈ σp(H) and f0 eigenfunction then

−1 ∈ σp(V1(H0 − λ0)−1V ∗2 ) and V1f0 eigenfunction.

By assumption Hf0 = (H0 + V ∗2 V1)f0 = λ0f0 and hence

V ∗2 V1f0 = −(H0 − λ0)f0.

This implies(
V1(H0 − λ0)−1V ∗2 + 1

)
V1f0 = V1(H0 − λ0)−1V ∗2 V1f0 + V1f0

= −V1f0 + V1f0
= 0

and V1f0 6= 0 as otherwise λ0 ∈ σp(H0).

J. Behrndt The generalized Birman-Schwinger principle



Proof of (i)

Claim: If λ0 ∈ σp(H) and f0 eigenfunction then

−1 ∈ σp(V1(H0 − λ0)−1V ∗2 ) and V1f0 eigenfunction.

By assumption Hf0 = (H0 + V ∗2 V1)f0 = λ0f0 and hence

V ∗2 V1f0 = −(H0 − λ0)f0.

This implies(
V1(H0 − λ0)−1V ∗2 + 1

)
V1f0 = V1(H0 − λ0)−1V ∗2 V1f0 + V1f0

= −V1f0 + V1f0
= 0

and V1f0 6= 0 as otherwise λ0 ∈ σp(H0).

J. Behrndt The generalized Birman-Schwinger principle



Proof of (i)

Claim: If λ0 ∈ σp(H) and f0 eigenfunction then

−1 ∈ σp(V1(H0 − λ0)−1V ∗2 ) and V1f0 eigenfunction.

By assumption Hf0 = (H0 + V ∗2 V1)f0 = λ0f0

and hence

V ∗2 V1f0 = −(H0 − λ0)f0.

This implies(
V1(H0 − λ0)−1V ∗2 + 1

)
V1f0 = V1(H0 − λ0)−1V ∗2 V1f0 + V1f0

= −V1f0 + V1f0
= 0

and V1f0 6= 0 as otherwise λ0 ∈ σp(H0).

J. Behrndt The generalized Birman-Schwinger principle



Proof of (i)

Claim: If λ0 ∈ σp(H) and f0 eigenfunction then

−1 ∈ σp(V1(H0 − λ0)−1V ∗2 ) and V1f0 eigenfunction.

By assumption Hf0 = (H0 + V ∗2 V1)f0 = λ0f0 and hence

V ∗2 V1f0 = −(H0 − λ0)f0.

This implies(
V1(H0 − λ0)−1V ∗2 + 1

)
V1f0 = V1(H0 − λ0)−1V ∗2 V1f0 + V1f0

= −V1f0 + V1f0
= 0

and V1f0 6= 0 as otherwise λ0 ∈ σp(H0).

J. Behrndt The generalized Birman-Schwinger principle



Proof of (i)

Claim: If λ0 ∈ σp(H) and f0 eigenfunction then

−1 ∈ σp(V1(H0 − λ0)−1V ∗2 ) and V1f0 eigenfunction.

By assumption Hf0 = (H0 + V ∗2 V1)f0 = λ0f0 and hence

V ∗2 V1f0 = −(H0 − λ0)f0.

This implies(
V1(H0 − λ0)−1V ∗2 + 1

)
V1f0 = V1(H0 − λ0)−1V ∗2 V1f0 + V1f0

= −V1f0 + V1f0
= 0

and V1f0 6= 0 as otherwise λ0 ∈ σp(H0).

J. Behrndt The generalized Birman-Schwinger principle



Proof of (i)

Claim: If λ0 ∈ σp(H) and f0 eigenfunction then

−1 ∈ σp(V1(H0 − λ0)−1V ∗2 ) and V1f0 eigenfunction.

By assumption Hf0 = (H0 + V ∗2 V1)f0 = λ0f0 and hence

V ∗2 V1f0 = −(H0 − λ0)f0.

This implies(
V1(H0 − λ0)−1V ∗2 + 1

)
V1f0 = V1(H0 − λ0)−1V ∗2 V1f0 + V1f0

= −V1f0 + V1f0
= 0

and V1f0 6= 0 as otherwise λ0 ∈ σp(H0).

J. Behrndt The generalized Birman-Schwinger principle



Proof of (ii)

Claim: If −1 ∈ σp(V1(H0 − λ0)−1V ∗2 ) and ϕ0 eigenfunction then

λ0 ∈ σp(H) and f0 = (H0 − λ0)−1V ∗2ϕ0 eigenfunction.

By assumption ϕ0 + V1(H0 − λ0)−1V ∗2ϕ0 = 0 and hence

(H − λ0)f0 = (H0 − λ0)f0 + V ∗2 V1f0
= (H0 − λ0)(H0 − λ0)−1V ∗2ϕ0 + V ∗2 V1(H0 − λ0)−1V ∗2ϕ0

= V ∗2ϕ0 + V ∗2 V1(H0 − λ0)−1V ∗2ϕ0

= V ∗2
(
ϕ0 + V1(H0 − λ0)−1V ∗2ϕ0

)
= 0

and f0 6= 0 as otherwise ϕ0 ∈ ker V ∗2 = (ran V2)⊥ = {0}.
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Birman-Schwinger principle incomplete

Theorem [Konno, Kuroda ’66]
Let H = H0 + V ∗2 V1 and λ0 ∈ ρ(H0).

(i) If λ0 ∈ σp(H) and f0 eigenfunction then

−1 ∈ σp(V1(H0 − λ0)−1V ∗2 ) and V1f0 eigenfunction.

(ii) If −1 ∈ σp(V1(H0 − λ0)−1V ∗2 ) and ϕ0 eigenfunction then

λ0 ∈ σp(H) and f0 = (H0 − λ0)−1V ∗2ϕ0 eigenfunction.

Something is missing!

For non-selfadjoint operators one has to distinguish geometric
and algebraic eigenspace for λ0 ∈ σp(H):

ker (H − λ0) and
⋃
k

ker (H − λ0)k

PROBLEM: BS-principle for generalized ev’s in ker (H − λ0)k
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PART III

The Birman-Schwinger principle
for generalized eigenvectors (Jordan chains)
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Jordan chains of functions and operators

Definition [Keldysh ’51, Markus’88]

M operator function defined on Ω ⊂ C and dom M(λ) = D. If
λ 7→ M(λ)ϕ is (strongly) holomorphic for all ϕ ∈ D on Ω,
the vectors {ϕ0, . . . , ϕk} ⊂ D satisfy ϕ0 6= 0 and

j∑
i=0

1
i!

M(i)(λ0)ϕj−i = 0 for all j = 0, . . . , k ,

then {ϕ0, . . . ϕk} form Jordan chain for M at λ0 ∈ Ω.

Example (Jordan chain of operator)

M(λ) = H − λ operator function on C, dom M(λ) = dom H.
Then M ′(λ) = −I and M ′′(λ) = M ′′′(λ) = ... = 0, and hence

j = 0 : (H − λ0)ϕ0 = 0, j = 1 : (H − λ0)ϕ1 = ϕ0

j = 2 : (H − λ0)ϕ2 = ϕ1 .... j = m : (H − λ0)ϕm = ϕm−1
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Main theorem

Let H0 and H = H0 + V ∗2 V1 as above, and λ0 ∈ ρ(H0). Then

If {f0, . . . , fk} Jordan chain for H at λ0 then {V1f0, . . . ,V1fk}
Jordan chain at λ0 for

λ 7→ V1(H0 − λ)−1V ∗2 + 1, λ ∈ ρ(H0). (1)

If {ϕ0, . . . , ϕk} Jordan chain for the function (1) at λ0 then
{f0, . . . , fk} Jordan chain of H at λ0 with V1fm = ϕm, where

f0 = −(H0 − λ0)−1V ∗2ϕ0

and for m = 1, . . . , k

fm = −(H0−λ0)−1

(
fm−1 − V ∗2

m∑
i=0

V1(H0 − λ0)−(i+1)V ∗2ϕm−i

)
.
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If {ϕ0, . . . , ϕk} Jordan chain for the function (1) at λ0 then
{f0, . . . , fk} Jordan chain of H at λ0 with V1fm = ϕm

, where

f0 = −(H0 − λ0)−1V ∗2ϕ0

and for m = 1, . . . , k

fm = −(H0−λ0)−1

(
fm−1 − V ∗2

m∑
i=0

V1(H0 − λ0)−(i+1)V ∗2ϕm−i

)
.
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Corollary: The special case k = 0

Let H0 and H = H0 + V ∗2 V1 as above, and λ0 ∈ ρ(H0). Then

If {f0} Jordan chain for H at λ0 then {V1f0} Jordan chain at
λ0 for

λ 7→ V1(H0 − λ)−1V ∗2 + 1, λ ∈ ρ(H0), (2)

that is,
V1f0 ∈ ker

(
V1(H0 − λ0)−1V ∗2 + 1)

If {ϕ0} Jordan chain for the function (2) at λ0 then {f0},
where

f0 = −(H0 − λ0)−1V ∗2ϕ0

is a Jordan chain of H at λ0 with V1f0 = ϕ0, that is,

f0 ∈ ker (H − λ0).

...this is the classical theorem by Konno and Kuroda
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Remarks

Howland ’70 studies eigenvalues of finite type of operator
functions and discusses algebraic and geometric
multiplicities

. In his language:

Theorem
λ0 ∈ ρ(H0) eigenvalue of H iff λ0 eigenvalue of finite type of

λ 7→ V1(H0 − λ)−1V ∗2 + 1, λ ∈ ρ(H0). (3)

The geometric (resp. algebraic) multiplicity of λ0 as an
eigenvalue of H coincides with the geometric (resp. algebraic)
multiplicity of λ0 as an eigenvalue of (3).

Gesztesy Holden Nichols ’15, Frank ’18
Gohberg Sigal ’71
Abstract version for operators in Krein spaces by Derkach
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PART IV
Robin realisations of elliptic PDO’s
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Robin realisation of 2nd order elliptic PDO’s

Ω ⊂ Rn bounded Lipschitz domain with boundary C

,

A = −
n∑

k ,l=1

∂kckl∂l +
n∑

k=1

ck∂k −
n∑

k=1

∂kbk + c0

with complex L∞-coefficients, assume Re
∑

ckl(x)ξk ξ̄l ≥ µ|ξ|2.

Definition

For B : H1/2(C)→ H−1/2(C) define Robin realisation in L2(Ω)

ABf = Af , dom AB =
{

f ∈ H1(Ω) : Af ∈ L2(Ω), ∂ν f |C = Bf |C
}

More precisely, AB is the m-sectorial operator associated to

a[f ,g] =
n∑

k,l=1

∫
Ω

ckl (∂l f )∂k g+
n∑

k=1

∫
Ω

ck (∂k f )g+
n∑

k=1

∫
Ω

bk f∂k g+

∫
Ω

c0f g−
∫
C

Bfg,

which is closed and sectorial with dom a = H1(Ω).
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Dirichlet-to-Neumann map

Consider Dirichlet realization

ADf = Af , dom AD =
{

f ∈ H1(Ω) : Af ∈ L2(Ω), f |C = 0
}
,

which is an m-sectorial operator in L2(Ω).

For ϕ ∈ H1/2(C) and λ ∈ ρ(AD) there exists unique fλ ∈ H1(Ω)
such that

(A− λ)fλ = 0 and fλ|C = ϕ.

Definition
For λ ∈ ρ(AD) define Dirichlet-to-Neumann map by

D(λ) : H1/2(C)→ H−1/2(C), D(λ)ϕ = ∂ν fλ|C .

Recall λ 7→ D(λ) holomorphic operator function on ρ(AD).
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Jordan chains and the Birman-Schwinger principle

Theorem

Let AB Robin realisation of A in L2(Ω) and λ0 ∈ ρ(AD).
If {f0, . . . , fk} Jordan chain for AB at λ0 then {f0|C , . . . , fk |C}
Jordan chain at λ0 for

λ 7→ D(λ)− B, λ ∈ ρ(AD). (4)

If {ϕ0, . . . , ϕk} Jordan chain for the function (4) at λ0 then
{f0, . . . , fk} Jordan chain for AB at λ0, where fm ∈ H1(Ω)
unique solution of

(A− λ0)fm = fm−1, fm|C = ϕm

and f−1 = 0.
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If {f0, . . . , fk} Jordan chain for AB at λ0 then {f0|C , . . . , fk |C}
Jordan chain at λ0 for

λ 7→ D(λ)− B, λ ∈ ρ(AD). (4)

If {ϕ0, . . . , ϕk} Jordan chain for the function (4) at λ0 then
{f0, . . . , fk} Jordan chain for AB at λ0, where fm ∈ H1(Ω)
unique solution of

(A− λ0)fm = fm−1, fm|C = ϕm

and f−1 = 0.
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The special case k = 0

Corollary

Let AB Robin realisation of A in L2(Ω) and λ0 ∈ ρ(AD).
If f0 eigenvector of AB at λ0 then

D(λ0)f0|C = Bf0|C

and f0|C 6= 0.
If D(λ0)ϕ0 = Bϕ0 and ϕ0 6= 0 then unique solution
f0 ∈ H1(Ω) of

(A− λ0)f0 = 0, f0|C = ϕ0,

is an eigenvector of AB at λ0.
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Thank you for your attention
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